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ON THE DIMENSIONAL-LIKE CHARACTERISTICS ARISING
FROM LINEAR INHOMOGENEOUS APPROXIMATIONS
MIKHAIL ANIKUSHIN
Abstract. As it follows from the theory of almost periodic functions the
set of integer solutions q to the Kronecker system |ωjq − θj | < ε (mod 1),
j = 1, . . . ,m, where 1, ω1, . . . , ωm are linearly independent over Q, is relatively
dense in R. The latter means that there exists L(ε) > 0 such that any segment
of the length L(ε) contains at least one integer solution to the Kronecker
system. We give lower and upper estimate for L(ε) and show that L(ε) =(
1
ε
)m+o(1)
as ε → 0 for many cases, including algebraic numbers as well
as badly approximable numbers. We use methods of dimension theory and
Diophantine approximations of m-tuples satisfying Diophantine condition.
1. Introduction
The Kronecker theorem states that if 1, ω1, . . . , ωm are linearly independent over
rationals then for every ε > 0 and θ1, . . . , θm ∈ R the Kronecker system |ωjq−θj | <
ε (mod 1), j = 1, . . . ,m has an integer solution q. One may ask what is an upper
or lower bound for such q (more precisely, for the absolute value of the first integer
solution q closest to zero) in terms of ε,m and some properties of ω1, . . . , ωm?
There are papers where the so called effective upper bounds for |q| are given (see
[6, 16] and links therein). Usually, such bounds are given under the consideration of
algebraic numbers ω1, . . . , ωm and, therefore, powerful methods of algebraic number
theory (see, for example, [5, 10, 15]) are used. A typical bound is |q| ≤ C ( 1ε)d−1,
where d = [Q(ω1, . . . , ωm) : Q] and the constant C depends on m, d and the heights
and degrees of ω1, . . . , ωm. The effectiveness of a bound means that the constant
C can be directly calculated. It is well-known that if one removes the requirement
of effectiveness, the exponent d− 1 may be changed to (the stronger one) m+ δ for
any δ > 0 (see, for example, remark 3.1 in [6] or Theorem 2.1 in [12]).
On the other hand, as the theory of almost periodic functions (see [14]) says, the
set of integer solutions to the Kronecker system are relatively dense, namely, there
is L(ε) > 0 such that every segment of length L(ε) contains an integer solution.
Now one may ask: what are possible lower or upper bounds for L(ε) or what
is the growth rate of L(ε) as ε tends to zero1? Here we use a dimension theory
approach (see [3, 11, 13]) combined with Diophantine approximations (see [8, 9, 15])
to provide some lower and upper bounds for L(ε). Despite that these bounds
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1More precisely, here by L(ε) we mean the best possible, i. e. the infimum, of all such values.
For details, see below.
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2 MIKHAIL ANIKUSHIN
are ineffective, we get additional information (for example, about the distribution
of such solutions and exact values of dimensional-like characteristics) and treat
a more general than just an algebraic set of ω’s, providing a different view on
the problem. This complements some known results, namely, effective versions
(obtained via algebraic number theory [6, 16]) and quantitative versions (derived
from transference principles [4]) of the Kronecker theorem. To state our results
precisely, we need some concepts.
Diophantine dimension. A subset R ⊂ Rn is called relatively dense in Rn if
there is a real number L > 0 such that the set (a+ [0, L]n)∩R is not empty for all
a ∈ Rn.
Let R = {Rε}, ε > 0, be a family of relatively dense in Rn subsets Rε ⊂ Rn
such that Rε1 ⊃ Rε2 provided by ε1 > ε2. Let L(ε) > 0 be a real number such
that (a+ [0, L(ε)]n) ∩Rε is not empty for all a ∈ Rn. Let lR(ε) be the infimum of
all such L(ε). Then lR(ε) is the inclusion length for Rε. The value2
(1.1) Di(R) := lim sup
ε→0+
ln lR(ε)
ln (1/ε)
is called the Diophantine dimension of R. Also we consider the lower Diophantine
dimension of R defined as
(1.2) di(R) := lim inf
ε→0+
ln lR(ε)
ln (1/ε)
.
Box-counting dimension. Let X be a compact metric space and let Nε(X ) de-
note the minimal number of open balls of radius ε required to cover X . The values
dimBX = lim inf
ε→0+
lnNε(X )
ln(1/ε)
,
dimBX = lim sup
ε→0+
lnNε(X )
ln(1/ε)
(1.3)
are called lower box dimension and upper box dimension respectively.
Diophantine condition. For θ ∈ Rm we denote by |θ|m the distance from θ to
Zm. Clearly, | · | defines a metric on m-dimensional flat torus Tm = Rm/Zm.
We say that an m-tuple ω = (ω1, . . . , ωm) of real numbers satisfy the Diophantine
condition of order ν ≥ 0 if for some Cd > 0 and all natural q the inequality
(1.4) |ωq|m ≥ Cd
(
1
q
) 1+ν
m
holds.
For a function φ : Rn → X let O(φ) be the closure of ⋃
t∈Rn
φ(t) in X and let O˚(φ)
be the closure of
⋃
q∈Zn
φ(q) in X .
Theorem 1.1. Let A be an (m × n)-matrix with real coefficients and θ ∈ O˚(φ),
where φ : Rn → Tm is defined by φ(t) := At; then the set Rε of integer solutions
q ∈ Zn to
(1.5) |Aq − θ|m < ε
2In the case lR(ε) = 0 for all small ε one can use ln(lR(ε) + 1) instead of ln lR(ε). Anyway, in
this case Di(R) = 0 and the case is out of our interest.
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is relatively dense in Rn and the lower Diophantine dimension of R = {Rε} satisfies
(1.6) di(R) ≥ d− n
n
,
where d = dimBO(φˆ) and φˆ : Rn → Tm+n is defined by φˆ(t) := Aˆt, Aˆ =
[
E
A
]
.
The proof of theorem 1.1 is given at the end of section 3.
Theorem 1.2. Suppose that 1, ω1, . . . , ωm are linearly independent over Q and
let ω = (ω1, . . . , ωm) satisfy the Diophantine condition of order ν ≥ 0 such that
ν(m− 1) < 1; then for all θ1, . . . , θm ∈ R and ε > 0 the set Kε of integer solutions
q to
(1.7) |ωq − θ|m < ε,
is relatively dense in R and the Diophantine dimension Di(K) of K = {Kε} satisfies
the inequality
(1.8) Di(K) ≤ (1 + ν)m
1− ν(m− 1) .
The proof of theorem 1.2 is given at the end of section 4.
Estimates (1.6) and (1.8) can be used to prove the following corollary (the proof
is outlined in section 5).
Corollary 1.3. There is a set of full measure Ωm ⊂ Rm such that for any ω =
(ω1, . . . , ωm) ∈ Ωm the Diophantine dimensions of K (see the previous theorem)
satisfy
(1.9) di(K) = Di(K) = m.
In particular, badly approximable and algebraic m-tuples, which are linearly inde-
pendent over Q, satisfy the above conditions.
Thus, within the assumptions of corollary 1.3, for all small δ > 0 and for some
ineffective constants C+(δ) and C−(δ), we have an integer solution to (1.7) in each
interval of length C+(δ)
(
1
ε
)m+δ
and there are gaps of length C−(δ)
(
1
ε
)m−δ
with
no integer solutions.
The main idea of our approach is as follows. To study integer solutions q ∈ Zn
to (1.5) (the discrete problem) we consider the extended system with the matrix
(1.10) Aˆ =
[
E
A
]
and with respect to t ∈ Rn (the continuous problem). By the choice of Aˆ, any
solution t of the extended system is close to Zm and, therefore, the corresponding
Diophantine dimensions of the discrete problem and the continuous problem coin-
cide (see proposition 2.2). Due to the linearity of Aˆ (which is essential) the corre-
sponding Diophantine dimension of the family of ε-solutions to the extended system
is equal to the Diophantine dimension of the almost periodic function φˆ(t) := Aˆt
defined by the family of ε-almost periods of φˆ(·) (see proposition 2.1). Thus, it is
enough to study the Diophantine dimension of φˆ. For the latter purpose we will
use developed methods from our earlier works [1, 2].
A research interest in such properties, in addition to the purely algebraic one,
may come from almost periodic dynamics (see [1, 2, 7, 13]). For example, it is
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well-known that some number-theoretical phenomena appear in the linearization of
circle diffeomorphisms as well as in KAM theory (see [7, 12]). As it follows from the
arithmetical nature of almost periods there is a strong connection between them
and the Diophantine approximations of the Fourier exponents. More precisely, the
latter affects the growth rate of the inclusion length. To study such a connection,
a definition of Diophantine dimension was given (see [1]). A method for upper esti-
mates of the inclusion length (and, therefore, of the Diophantine dimension) firstly
appeared in [13] for the case of badly approximable numbers. In [1] it was gener-
alized for quasi-periodic functions with one irrational frequency that satisfies the
Diophantine condition. In the present paper we generalize such an approach (theo-
rem 4.3) to give an upper estimate of the Diophantine dimension for quasi-periodic
functions with frequency m-tuple, satisfying simultaneous Diophantine condition.
A dimensional argument (as in theorem 3.1) to provide a lower estimate of the
Diophantine dimension firstly appeared in [2], where the recurrence properties of
almost periodic dynamics were studied (as well as in [13]).
This paper is organized as follows. In section 2 we begin with some basic defini-
tions from the theory of almost periodic functions. Next, we show how the discrete
problem is simply connected with the continuous one. In section 3 we give a lower
bound for the Diophantine dimension (theorem 3.1), using a dimensional argu-
ment, namely, we use the lower box dimension of the orbit closure. In section 4 we
present an upper bound for the case of m-tuple, satisfying simultaneously Diophan-
tine condition (theorem 4.3), for what we need a proper sequence of simultaneous
denominators (=convergents), provided by theorem 4.2. Section 5 is devoted to the
discussion of the presented approach and its consequences, in particular, concerning
the Kronecker theorem.
2. Preliminaries
Almost periodic functions. Let G be a locally compact abelian group and let
X be a complete metric space endowed with a metric %X . A continuous function
φ : G→ X is called almost periodic3 if for every ε > 0 the set Tε(φ) of τ ∈ G such
that
(2.1) % (φ(·+ τ), φ(·))∞ := sup
t∈G
%X (φ(t+ τ), φ(t)) ≤ ε
is relatively dense in G, i. e. there is a compact set K = K(ε) ⊂ G such that
(g +K)∩ Tε(φ) 6= ∅ for all g ∈ G. Here τ ∈ Tε(φ) is called an ε-almost period of φ.
The following theorem is due to Bochner (see theorem 1.2 and remark 1.4 in [14]).
Theorem 2.1. A bounded continuous function φ(·) is almost periodic if and only
if every sequence {φ(·+ τn)}, τn ∈ G, n = 1, 2, . . ., contains a uniformly convergent
subsequence.
Example 2.2. Let G = Rn and X = Tm, where Tm := Tm/Zm is m-dimensional
flat torus. For θ ∈ Tm let |θ|m be the distance from θ (more formally, from any
representative of θ) to Zm. Then a metric on Tm is given by
(2.2) %m(θ1, θ2) := |θ1 − θ2|m.
Note that the product θt for θ ∈ Tm and t ∈ R is well-defined, as well as any
function f : Rs → Rm can be considered as a function f : Rs → Tm.
3More precisely, such functions are called uniformly almost periodic or Bohr almost periodic.
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In this case it is quite clear that continuous periodic functions are almost periodic
(by definition) and any sum of continuous periodic functions is almost periodic (by
the Bochner theorem). Consider φ : Rn → Tm defined as φ(t) := At, where A is
an m × n matrix with real coefficients. It is clear that the function φ(·) is almost
periodic due to its additivity and compactness of Tm.
A more simple example (also known as a linear flow on Tm) appears when n = 1
and φ(t) := (ω1t, . . . , ωmt), where ω1, . . . , ωm ∈ R.
Basic constructions. Further (see propositions 2.1 and 2.2) we will have to show
some relations between the Diophantine dimensions of two families R′ = {R′ε} and
R′′ = {R′′ε}. Note that in order to show the inequality Di(R′) ≤ Di(R′′) it is
sufficient to show the inclusion (R′′Cε + t0(ε)) ⊂ R′ε for some constant C > 0 and
t0(ε) ∈ Rn.
We will deal with the case when Rε is a set of integer solutions to the Kronecker
system or, more generally, the set of moments of return (integer or real) in ε-
neighbourhood of a point in the closure of almost periodic trajectory.
Let G = Rn and let X be a complete metric space. Consider a non-constant
almost periodic function φ : Rn → X . By definition, the set Tε(φ) of ε-almost
periods of φ is relatively dense. We use the notations Di(φ) and di(φ) for the
Diophantine dimensions of the corresponding family {Tε(φ)} and we call them the
Diophantine dimension of φ and the lower Diophantine dimension of φ respectively.
Note that the set Tε(φ) ∩ Zn is relatively dense too4. We use the notations D˚i(φ)
and d˚i(φ) for the Diophantine dimension and the lower Diophantine dimension of
the corresponding family {Tε(φ) ∩ Zn}.
Recall, that we use the notations O(φ) and O˚(φ) for the closure (in X ) of φ(Rn)
and φ(Zn) respectively. The following example shows that these sets can differ.
Example 2.3. Let φ : R2 → T2 and φ(t) = (t1,
√
2t2). Here O(φ) is entire T2 and
O˚(φ) is just a segment.
For ε > 0 and x ∈ O(φ) consider the system of inequalities with respect to
t ∈ Rn:
(2.3) %X (φ(t), x) ≤ ε.
It is easy to see that if t = t0 is a solution to (2.3) and τ ∈ Tε(φ) then t0 + τ is a
2ε-solution (i. e. with ε changed to 2ε) to (2.3). Thus, the set of solutions to (2.3)
is relatively dense. We use the notations Di(φ;x) and di(φ;x) for the corresponding
Diophantine dimensions. Note that the given argument provides the inequalities
Di(φ;x) ≤ Di(φ) and di(φ;x) ≤ di(φ).
For ε > 0 and x ∈ O˚(φ) consider the system of inequalities with respect to
q ∈ Zn:
(2.4) %X (φ(q), x) ≤ ε.
As in the previous case, one can show that the set of solutions to 2.4 is relatively
dense. Here we use the notations D˚i(φ;x) and d˚i(φ;x) for the corresponding Dio-
phantine dimensions.
4To prove that consider an almost periodic function with values in X × Tm defined as
t 7→ (φ(t), t). Almost periods of such a function are ¡¡almost integers¿¿ and contained in Tε(φ).
Using the uniform continuity argument, one can show that such an almost period can be slightly
perturbed to become an integer.
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Now for φ : Rn → Tm defined by φ(t) = At (as in example 2.2) and θ ∈ O(φ)
consider the system
(2.5) |At− θ|m ≤ ε.
Proposition 2.1. For φ(·) defined above we have
Di(φ; θ) = Di(φ),
di(φ; θ) = di(φ).
(2.6)
Proof. Let t0 be a fixed solution to (2.5) and let τ be an arbitrary solution to (2.5).
For τ ′ = τ − t0 we have
(2.7) |A(τ ′ + t)−A(t)|m = |Aτ −At0|m ≤ |Aτ − θ|m + |At0 − θ|m ≤ 2ε.
Thus, τ ′ ∈ T2ε(φ) and, consequently, Di(φ; θ) ≥ Di(φ) and di(φ; θ) ≥ di(φ). The
inverse inequalities were shown before. 
Additivity of φ(·) plays a central role in the proof of proposition 2.1. Consider the
following
Example 2.4. Let φ : R→ T2 be given by φ(t) := (sin(2pit) sin(2pi√2t), cos(2pit)).
It is clear that every integer is a solution to the system |φ(t)|m < ε (i. e. for θ = 0).
Thus, Di(φ; 0) = 0, but as it will be shown below Di(φ) = 1.
Our purpose is to study the set of integer solutions to (2.5), i.e. solutions q ∈ Zn
for the system (we call it also the Kronecker system)
(2.8) |Aq − θ|m ≤ ε,
where θ ∈ O˚(φ) ⊂ Tn. For a transition to the continuous problem we consider the
extended system with respect to t ∈ Rn:
(2.9) |Aˆt− θˆ|M ≤ ε,
where M = n + m, θˆ = (0, . . . , 0, θ1, . . . , θm) ∈ TM and Aˆ is the (M × n)-matrix
defined in (1.10). In other words, we are looking for real solutions t of (2.8),
satisfying n additional conditions: |t1|1 ≤ ε, . . . , |tn|1 ≤ ε. It is clear that an
integer solution to (2.8) is also a solution to (2.9). As we said the set of solutions
to (2.8) is relatively dense. Let φˆ(t) := Aˆt be the corresponding almost periodic
function (see example 2.2). We have the following
Proposition 2.2. For the set of solutions to (2.8) we have
D˚i(φ; θ) = Di(φˆ),
d˚i(φ; θ) = di(φˆ).
(2.10)
Proof. It is clear that φˆ = Aˆt is Lipschitz continuous, i. e. there is C > 0 such
that |Aˆt′ − Aˆt′′|M ≤ ε provided by |t′ − t′′| ≤ Cε. Let τ be a C2 ε-solution to
(2.9). It follows that there is q ∈ Zn such that |q − τ | ≤ C2 ε and, consequently,
|Aˆq − Aˆτ |M ≤ ε. Thus,
(2.11) |Aq − θ|m ≤ |Aτ − θ|m + |Aτ −Aq|m ≤ 2ε.
We showed that D˚i(φ; θ) ≤ Di(φˆ) and d˚i(φ; θ) ≤ di(φˆ). The inequalities D˚i(φ; θ) ≥
Di(φˆ) and d˚i(φ; θ) ≥ di(φˆ) were shown before. 
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A similar reasoning shows that Di(φˆ) = D˚i(φˆ).
So, the set of solutions to the Kronecker system (2.8) is relatively dense and
to study its Diophantine dimension, it is sufficient, by Propositions 2.1 and 2.2, to
study the Diophantine dimension of the almost periodic function φˆ(·), corresponding
to the extended system (2.9).
3. A lower estimate via dimension theory
Let ϕ : Rn → X be a non-constant almost periodic function. In particular, ϕ
is uniformly continuous. Let δ(ε) be such that %X (ϕ(t1), ϕ(t2)) ≤ ε provided by
‖t1− t2‖∞ ≤ δ(ε), where ‖ · ‖∞ is the sup-norm in Rn. Let δ∗(ε) be the supremum
of such numbers δ(ε). Consider the values
∆(ϕ) := lim sup
ε→0+
ln δ∗(ε)
ln ε
,
∆(ϕ) := lim inf
ε→0+
ln δ∗(ε)
ln ε
.
(3.1)
We say that a map χ : X → Y, where X and Y are complete metric spaces,
satisfies a local Ho¨lder condition with an exponent α ∈ (0, 1] if there are con-
stants C > 0 and ε0 > 0 such that %Y(χ(x1), χ(x2)) ≤ C%X (x1, x2)α provided by
%X (x1, x2) < ε0.
It is clear that if ϕ(·) satisfies a local Ho¨lder condition with an exponent α ∈ (0, 1]
then ∆(ϕ) ≤ ∆(ϕ) ≤ 1α .
Consider the hull H(ϕ) of an almost periodic function ϕ : Rn → Y, where Y is
a complete metric space, defined as the closure of its translates {ϕ(·+ t) | t ∈ Rn}
in the uniform norm. By Theorem 2.1, H(ϕ) is a compact subset in the space of
bounded continuous functions with the uniform norm. We will estimate the box
dimensions of H(ϕ) in the following theorem.
Theorem 3.1.
1
n
dimBH(ϕ) ≤ Di(ϕ) + ∆(ϕ),
1
n
dimBH(ϕ) ≤ di(ϕ) + ∆(ϕ).
(3.2)
Proof. Let ε > 0. We will show that for all ϕ(·+t), t ∈ Rn there exists t ∈ [0, lϕ(ε)]n
such that
(3.3) ‖ϕ(·+ t)− ϕ(·+ t)‖∞ ≤ ε.
Indeed, there is an ε-almost period τ ∈ [−t,−t+ lϕ(ε)]n for ϕ(·). Then t := t+ τ
is what we wanted. Now for arbitrary ϕ ∈ H(ϕ) there exists t ∈ Rn such that
‖ϕ(·)− ϕ(·+ t)‖∞ ≤ ε and, consequently,
(3.4) ‖ϕ(·)− ϕ(·+ t)‖∞ ≤ 2ε.
For convenience’ sake if Q ⊂ Rn let Qϕ := {ϕ(· + t) | t ∈ Q} ⊂ H(ϕ). It
follows from (3.4) that it is sufficient to cover the set [0, lϕ(ε)]
n
ϕ by open balls. Let
Bε(ϕ(·+ t)) be the open ball centered at ϕ(·+ t) with radius ε. It is clear that for
t = (t1, . . . , tn)
(3.5) Bε(ϕ(·+ t)) ⊃
 n∏
j=1
[
tj − δ
∗(ε)
2
, tj +
δ∗(ε)
2
]
ϕ
.
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Thus, the set [0, lϕ(ε)]
n
ϕ can be covered by
(
lϕ(ε)
δ∗(ε) + 1
)n
open balls of radius ε and,
consequently, the set H(ϕ) can be covered by the same number of balls of radius
3ε. Therefore, N3ε(H(ϕ)) ≤
(
lϕ(ε)
δ∗(ε) + 1
)n
and
(3.6)
lnN3ε(H(ϕ))
ln(1/ε)
≤ n
ln
(
lϕ(ε)
δ∗(ε) + 1
)
ln(1/ε)
.
Taking it to the lower/upper limit in (3.6) we finish the proof. 
It is easy to show that if χ(·) satisfies a local Ho¨lder condition with an exponent
α ∈ (0, 1] then dimB(χ(X )) ≤ dimBXα and dimB(χ(X )) ≤
dimBX
α .
Consider piX : H(ϕ) → X defined by piX (ϕ) := ϕ(0) for ϕ ∈ H(ϕ). It is clear
that piX is a Lipschitz map. From Theorem 2.1 it follows that piX (H(ϕ)) = O(ϕ).
Thus, dimBO(ϕ) ≤ dimBH(ϕ). Now we can prove theorem 1.1.
Proof of theorem 1.1. Using proposition 2.2 we transit to continuous problem (1.5).
Proposition 2.1 with Theorem 3.1 applied to ϕ(t) := Aˆt give the desired result: it
is quite clear that ϕ is Lipschitz continuous and, consequently, ∆(ϕ) ≤ 1. Now we
use dimBO(ϕ) ≤ dimBH(ϕ) and the second inequality in (3.2). 
4. An upper estimate via Diophantine approximations
One of the basic properties of the Diophantine dimension is given by the following
simple lemma (see [1]).
Lemma 4.1. Let ϕ : Rn → X be almost periodic and let χ : X → Y satisfy a local
Ho¨lder condition with an exponent α ∈ (0, 1]; then
Di(χ ◦ ϕ) ≤ Di(ϕ)
α
,
di(χ ◦ ϕ) ≤ di(ϕ)
α
.
(4.1)
Remark 4.1. Let the function Φ: Tm+1 → X , where X is a complete metric space,
satisfy a local Ho¨lder condition with an exponent α ∈ (0, 1] and let ω1, . . . , ωm be
real numbers. The function ϕ(t) := Φ(t, ω1t, . . . , ωmt), t ∈ R, is almost periodic as
the image of an almost periodic function under a uniformly continuous map. By
Lemma 4.1, Di(ϕ) ≤ Di(v)α , where v(t) := (t, ω1, . . . , ωmt) is a linear flow on Tm+1.
So it is sufficient to estimate Di(v).
Since there are no algorithms (similar to the classical continued fraction expan-
sion), which could provide a sequence of convergents {qk} with ¡¡good¿¿ properties,
for the simultaneous approximation case, we prove the existence of convergents with
required properties. At first we need the classical Dirichlet theorem.
Theorem 4.2. Let ω = (ω1, . . . , ωm) be an m-tuple of real numbers; then for every
Q > 0 there is 1 < q < Q such that
(4.2) |ωq|m <
(
1
Q
) 1
m
.
The following lemma directly follows from Theorem 4.2.
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Lemma 4.2. Let an m-tuple ω = (ω1, . . . , ωm) satisfy the Diophantine condition
of order ν ≥ 0; then there are a non-decreasing sequence of natural numbers {qk},
k = 1, 2, . . ., and a constant Cˆ = Cˆ(ω) > 0 such that
(A1) |ωqk|m ≤ Cˆ ·
(
1
qk+1
)1/m
.
(A2) qk+1 = O
(
q1+νk
)
and for ak+1 := b qk+1qk c we have ak+1 = O(qνk). Also there
are constants γ2 > γ1 > 1 and A1, A2 > 0 such that
(4.3) A1γ
k
1 ≤ qk ≤ A2γk2 .
(A3) For every η > 0 there exists Cη > 0 such that the estimate
∞∑
k=N
(
1
qk
)η
≤
Cη
N
qηN
holds.
Proof. Despite the fact that (A3) is the direct corollary of (A2) and (A2) is ¡¡al-
most¿¿ follows from (A1) we need these assumptions in such a formulation for the
convenience.
By the Dirichlet theorem, for any Q > 0 there is a natural number 1 ≤ q ≤ Q
such that
(4.4) |ωq|m ≤
(
1
Q
)1/m
.
Let β > 1 be a fixed real number and let qk, k = 1, 2, . . ., be a natural q from
the Dirichlet theorem for Q = βk. If for some k we have qk+1 < qk, then we put
qk := qk+1 and repeat such process for smaller k. Note that qk → +∞ as k → ∞
(as, by the Diophantine condition, there is at least one irrational ωj) and this
guarantees that for every k the value of qk will be changed only for a finite number
of times. Thus, we have a non-decreasing sequence {qk}, k = 1, 2, . . ., where q = qk
satisfies (4.4) for Q = βk.
Now from the Diophantine condition we have
(4.5) Cd
(
1
q1+νk
)1/m
≤ |ωqk|m <
(
1
βk
)1/m
≤
(
1
qk
)1/m
and, consequently,
(4.6) C
m
1+ν
d β
k
1+ν ≤ qk ≤ βk.
It is easy to see that
(4.7) qk+1 ≤ βk+1 = β · βk = βC−md
(
C
m
1+ν β
k
1+ν
)1+ν
≤ βC−md q1+νk .
Therefore, qk+1 = O(q
1+ν
k ) and, it is obvious that ak+1 = O(q
ν
k). Now put γ1 :=
β
1
1+ν with A1 := C
m
1+ν
d and γ2 := β with A2 := 1. Also note that
(4.8) |ωqk| <
(
1
βk
)1/m
= β1/m
(
1
βk+1
)1/m
≤ β1/m
(
1
qk+1
)1/m
.
Now let’s estimate
∞∑
k=N
(
1
qk
)η
= 1
qηN
∞∑
k=0
(
qN
qN+k
)η
. From (4.3) we get
(4.9)
qN
qN+k
≤ A2
A1
γN2
γN+k1
=
A2
A1
β
Nν−k
1+ν .
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We use this estimate only for k ≥ 2νN , and for others k we just use qNqN+k ≤ 1.
Thus,
(4.10)
1
qηN
∞∑
k=0
(
qN
qN+k
)η
≤ 1
qηN
2νN +
(
A2
A1
)η
1
qηN
∑
k≥2νN
βη
Nν−k
1+ν ≤ Cη · N
qηN
,
where Cη is an appropriate constant. 
Now we are ready to prove the following
Theorem 4.3. Let ϕ(t) = Φ(t, ω1t, . . . , ωmt) be an almost periodic function, where
Φ: Tm+1 → X satisfies a local Ho¨lder condition with an exponent α ∈ (0, 1]. Let
the m-tuple ω = (ω1, . . . , ωm) satisfy the Diophantine condition of order ν ≥ 0 with
ν(m− 1) < 1; then
(4.11) Di(ϕ) ≤ 1
α
· (1 + ν)m
1− ν(m− 1) .
Proof. From Remark 4.1 it is sufficient to estimate the Diophantine dimension of
the linear flow v(t) = (t, ω1t, . . . , ωmt) on Tm+1.
Let {qk}, k = 1, 2, . . ., be the sequence of simultaneous denominators (=conver-
gents) provided by Lemma 4.2 for ω. Put ak+1 := b qk+1qk c ≥ 1. Then ak+1qk ≤
qk+1 ≤ (ak+1 + 1)qk and due to (A1) we have
(4.12) |ωqk|m ≤ Cˆ
(
1
ak+1qk
)1/m
.
Now let k0 be a sufficiently large number. We will show that for every A ∈ R
there is τ such that |τ − A| ≤ qk0 . Firstly, suppose A ≥ qk0 . Let K be a number
such that qK ≤ A and qK+1 > A. We put τ = τ(A) =
K∑
k=k0
pkqk, where pk ≥ 0
and pk ∈ Z is constructed by the following procedure. Let pK ≥ 0 be an integer
such that pKqK ≤ A and (pK + 1)qK > A. It is clear that pK ≤ aK+1. Now let
pK−1 ≥ 0 be such that pK−1qK−1 + pKqK ≤ A and (pK−1 + 1)qK−1 + pKqK > A.
We continue such a procedure to get a sequence of integer numbers pk0 , . . . , pK ,
where 0 ≤ pk ≤ ak+1, k = k0, . . . ,K. By definition |τ −A| = A− τ ≤ qk0 . Now put
τ(A) := τ(−A) for A ≤ −qk0 and τ(A) := 0 for −qk0 < A < qk0 . Thus, for every
A ∈ R there is τ such that |τ −A| ≤ qk0 .
From (A2), (A3) and from the fact that pk ≤ ak+1 and ak+1 = O(qνk) we have
(4.13) |ωτ |m ≤ Cˆ
K∑
k=k0
(
pmk
ak+1qk
)1/m
≤ C1
K∑
k=k0
1
qηk
≤ C2 k0
qηk0
,
where η = 1−ν(m−1)m and C1, C2 > 0 are appropriate constants. Let εk := C2
k
qηk
.
We showed that the value Lk := qk is an upper bound for the inclusion length lv(εk)
of εk-almost periods of v(·).
Now for all sufficiently small ε > 0 such that εk+1 < ε ≤ εk put L(ε) := Lk+1 =
qk+1, which is an upper bound for lv(ε). Note that for all sufficiently small δ > 0
and for large enough k the inequality
(
1
εk
)η−1
≥ q1−δk holds. For some constant C3
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we have
(4.14) L(ε) = qk+1 ≤ C3(qk)1+ν ≤ C3
(
1
εk
) 1+ν
η(1−δ)
≤ C3
(
1
ε
) 1+ν
η(1−δ)
.
In particular, Di(v) ≤ 1+νη(1−δ)m. Taking δ to zero we have that Di(v) ≤ 1+νη =
(1+ν)m
1−ν(m−1) . Thus, the theorem is proved. 
Remark 4.4. The restriction ν(m− 1) < 1 in Theorem 4.3 is similar to the one in
[12] (see Theorem 2 therein). But for our case we don’t know are there Diophantine
m-tuples (ω1, . . . , ωm) with Di(v) =∞ for v(t) = (t, ω1t, . . . , ωmt).
The proof of Theorem 1.2 is as follows.
Proof of Theorem 1.2. Using Propositions 2.1 and 2.2 with Theorem 4.3 applied to
ϕ(t) := (t, ω1t, . . . , ωmt) we get the desired result. 
5. Discussing
Let Dm(ν) be the set of all m-tuples satisfying the Diophantine condition of
order ν ≥ 0. Put Ω′m =
⋂
ν>0
Dm(ν) ∪ Dm(0). Since every Dm(ν) for ν > 0 is a set
of full measure (see [9]) and Dm(ν1) ⊃ Dm(ν2) for ν1 < ν2, the set Ω′m is a set of
full measure. Now let Ωm be the set of linearly independent m-tuples in Ω
′
m.
Proof of Corollary 1.3. Since 1, ω1, . . . , ωm are linearly independent we haveO(φˆ) =
Tm+1 and, thus, dimB(O(φˆ)) = m+ 1 and, by Theorem 1.1, di(K) ≥ m.
Consider the estimate Di(K) ≤ (1+ν)m1−ν(m−1) given by Theorem 1.2. For ω ∈ Dm(0)
we immediately get what we need. If ω ∈ Ωm, i. e. ω ∈ Dm(ν) for all ν > 0 then
one should take the limit as ν → 0+ in the above estimate. 
Now, within assumptions of corollary 1.3, for θ ∈ Tm and ε > 0 consider the
classical Kronecker system
(5.1) |ωq − θ|m ≤ ε.
As corollary 1.3 state, for every δ > 0 there is an ε0 > 0 such that every segment
[a, L+(ε)], with a ∈ R and L+(ε) = ( 1ε)m+δ, contains an integer solution q to (5.1)
with ε ≤ ε0 and there is a segment [a(ε), L−(ε)] with L−(ε) =
(
1
ε
)m−δ
and with
no integer solutions. In particular, there is a solution q ∈ Z with |q| ≤ ( 1ε)m+δ.
The latter asymptotic is well-known for the case, when ω1, . . . , ωm are algebraic
numbers (see remark 3.1 in [6]). Note that such algebraic m-tuples are contained
in Ωm due to Schmidt’s subspace theorem (see [15]).
If the numbers ω1, . . . , ωm satisfy the Diophantine condition of order ν and ν(m−
1) < 1 then, by theorem 4.3, for any δ > 0 and sufficiently small ε, every segment
[0, L+(ε)], where L+(ε) =
(
1
ε
) (1+ν)m
1−ν(m−1)+δ, contains an integer solution q to the
system (5.1).
Now we will discuss how such properties affect the dynamics of almost periodic
trajectories. For example, let ϕ(t) = ei2pit+ei2piωt, where ω is an irrational number.
It is clear that O(ϕ) is the disk of radius 2. Let pkqk , k = 1, 2, . . . , be the sequence of
convergents given by the continued fraction expansion of ω. So, ω ≈ pkqk and ϕ(t) is
close to qk-periodic trajectory ϕk(t) := e
i2pit + e
i2pi
pk
qk
t
for some time interval. The
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a) ω = ζ(3), t = 0..35. b) ω = piζ(3), t = 0..10.
Figure 1. A piece of the trajectory of ϕ(t) for certain ω’s.
length of such an interval depends on how good the fraction pkqk approximates ω.
The latter depends on the growth rate of qk. So, if ω is well-approximable, namely
qk grows sufficiently fast, then ϕ(·) is similar to a periodic trajectory, during a large,
in comparison to the period, time interval. As a result, in many cases the trajectory
fills the disk O(ϕ) in a very lazy manner (see Fig. 1). On the other hand, for a
badly approximable ω the filling is more uniform. Note that the trajectory of ϕ
is uniformly distributed with respect to a probability measure µ, independent of ω
(see [1]). The latter means that for all Borel subsets C ⊂ O(ϕ) we have
lim
T→+∞
1
2T
∫ T
−T
1C(ϕ(t))dt = µ(C).
Thus, such arithmetic properties of ω affect a character of evolution and not the
asymptotic distribution of ϕ.
Approximation theorem for almost periodic functions with a similar reasoning
extend such phenomena to the case of general almost periodic functions. As well
as the measure of irrationality of ω provides a quantitative information about the
dynamic behaviour in the simple case considered above, the Diophantine dimension
does this for general almost periodic functions.
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